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Enriched chain polytopes, Israel J. Math., to appear.

The h*-polynomials of locally anti-blocking lattice polytopes and
their vy-positivity, arXiv:1906.04719.

Reflexive polytopes arising from bipartite graphs with ~-positivity
associated to interior polynoials, arXiv:1810.12258.

1. Unimodality, v-positivity and real-rootedness

. Anti-blocking polytopes, unconditional polytopes and locally

anti-blocking polytopes

. Chain polytopes, enriched chain polytopes and twinned chain

polytopes

. Symmetric edge polytopes of types A and B




Palindromic polynomials and ~-positivity
Sy ait’ € Zso[t] : a palindromic polynomial
Hehast =tk ettt e
Then there exists a unique expression
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A ZLdm y;tt € Z[t] is called the y-polynomial of f(t).

(RR) f(t) is real-rooted if all roots of f(t) are real.

(GP) f(t) is vy-positive if ; > 0 for all 3.

(UN) f(t) is unimodal if ag < --- < ap > --- > aq with some k.
In general, (RR) = (GP) = (UN). If f(¢) is y-positive, then

f(t) is real-rooted <= ~(t) is real-rooted




Gal Conjecture

Conjecture (Real Root Conjecture, disproved)

The h-polynomial of a flag triangulation of a sphere is real-rooted.
Gal found a counterexample for the Real Root Conjecture.
Conjecture (Gal Conjecture)

The h-polynomial of a flag triangulation of a sphere is ~y-positive.

Conjecture (Nevo-Petersen Conjecture)

The ~v-polynomial of the h-polynomial of a flag triangulation of a sphere
coincides with the f-polynomial of a flag simplicial complex.




Ehrhart theory
P C R? : a lattice polytope of dimension d

(i.e., a convex polytope all of whose vertices are in Z%)
mP = {mx : x € P} : the mth dilated polytope of P
Lp(m) := |mP NZ% : the Ehrhart polynomial of P
Theorem (Ehrhart)
Lp(m) is a polynomial in m of degree d.

Ehr(P,t) :=14 > Lp(m)t™ : the Ehrhart series of P.
k=1

d .
(1 — ) Ehr(P,t) = 3 h'tt =: h*(P, t) : the h*-polynomial of P.
i=0

Remark
o=k et A e e e e A
o each h} > 0 (Stanley).

o h*(P,1) equals the normalized volume of P.




Reflexive polytope

P C R? : a lattice polytope of dimension d
int(P) := the interior of P
0 € R? : the origin of R?

Assume that 0 € int(P).
PV :={y eR%: (x,y) <1 for ¥x € P} : the dual polytope of P

Definition
We say that P is reflexive if 0 € int(P) and PV is a lattice polytope.

Definition
We say that P is Gorenstein if 7P + w is reflexive for some r € Z>
and w € Z%.




Palindromic h*-polynomials

Theorem (Hibi)

A lattice polytope P C R? with 0 € int(P) is reflexive if and only if
h*(P,t) is palindromic and of degree d.

Theorem (De Negri-Hibi)
A lattice polytope P is Gorenstein if and only if h*(P,t) is palindromic.

Theorem (Bruns-Rémer)

If P is a Gorenstein polytope with a regular unimodular triangulation
(<= the toric ideal of P has a squarefree initial ideal), then h*(P,t)
is unimodal.

Conjecture (Gal Conjecutre in Ehrhart theory)

The h*-polynomial of a reflexive polytope with a central, flag, regular
unimodular triangulation is ~y-positive.




Anti-blocking polytopes

Definition
A lattice polytope P C R‘io of dimension d is called anti-blocking if for

CI A et TR e 2 Fe e b= e e e ) G]R%O VWETe (et ntatsstnt
for all Z, it holds that x € P.

e

anti-blocking NOT anti-blocking




Unconditional polytopes

Fore € {—1,1}% and x € RY, set ex := (e121,. . ., E42q) € RY.

Definition (Kohl-Olsen-Raman)
Given an anti-blocking lattice polytope P C R%o of dimension d, define

Pt i={exeR*:xeP,ee {-1,1}%].
The polytope P* is called an unconditional lattice polytope.

Pi 73:&
P




Locally anti-blocking polytopes
Given £ € {—1,1}9, define R? := {x € R? : g;x; > 0,7 i}.

Definition

A lattice polytope P C R? of dimension d is called locally anti-blocking
if for each € € {—1,1}%, there exists an anti-blocking lattice polytope
P. C RY, of dimension d such that P NRY = PENRY. We call P. the
anti-blocking piece on ¢ of P.

locally anti-blocking NOT locally anti-blocking

Remark
Unconditional lattice polytopes are locally anti-blocking.




h*-polynomials of locally anti-blocking lattice polytopes

Theorem (Ohsugi-T)

Let P C RY be a locally anti-blocking lattice polytope of dimension d
and for each e € {—1,1}4, let P- be the anti-blocking piece on . Then
one has

* 1 *
ee{-1,1}d

In particular, h*(P,t) is y-positive if h*(PX,t) is v-positive for all
g€ {-1,1}.




Chain polytopes

Rt DG selnos (| Be=—stl clinssastasial 1

Definition (Stanley)
The chain polytope of P is

Cp:={x€[0,1]%: xy+ -+x;, <1iféy <p--- <piris a chain in P}.

Proposition

Cp is an anti-blocking lattice polytope with a flag regular unimodular
triangulation.

Theorem (Stanley, Hibi)

Cp is Gorenstein if and only if P is pure.




P-Eulerian polynomials

(P,<p) : a naturally labeled poset on [d], i.e., i <p j =i < j.
L(P): the set of linear extensions of P.
For m € L(P), set

alies (ra)ie==i bBISEact iR st ol RessR dEakmmoRe-cdi e a1
Wp(t) = rerp) tdes(m) . the P-Eulerian polynomial.
Theorem (Stanley)

h*(Op,t) = (Cp,t) = Wp( ).

Theorem (Brandén)

If P is pure, then Wp(t) is y-positive.

Conjecture (Stanley)
Wp(t) is unimodal.




Enriched Chain polytopes

P : a poset on [d]

Definition (Ohsugi-T)
The enriched chain polytope of P is

Cl(f) = Cf,f.

Theorem (Ohsugi-T)

Cl(f) is an unconditional reflexive polytope with a central flag regular
unimodular triangulation.

Remark
We call Cl(f) an enriched chain polytope because this polytope is related
to the theory of enriched P-partitions introduced by John Stembridge.




Enriched Order Polytopes

P : a naturally labeled poset on [d].
f P = Zx>q is called a P-partition if for any ¢ <p j,
o 1) < £,
f: P — Zis called a left enriched P-partition if for any i <p 7,
o 1F()] < |£();
=T =D
The order polytope Op of P is the convex hull of
{(f(1),..., f(d)) : f is a P-partition with f(i) < 1}.
The enriched order polytope (’)(e) of P is the convex hull of
(5 2 (Alansssasess e /RS Eers bRl o enrlched P-partition with | f ()] < 1}.

Theorem (Stanley, Ohsugi-T)

o Lo, (t) = Lep(t) = |{P-partitions f with f(i) < t}|
o Lo(e)( = LCS) (t) = |{left enriched P-partitions f with |f(i)| <

t}|




Left peak polynomials

(P,<p) : a naturally labeled poset on [d].
For m € L(P) with mp = 0, set

peak@(r) = {1 <i<d—1:m_1 <m > ml}l.

Wl(f)( ) =D rere) peak®(m) . the left peak polynomial of P.
Theorem (Ohsugi-T, Petersen, Stembridge)

* e * e 4t
P09 1) = B*(C9,8) = (¢t + 1)WY ((t+1)2)'

Namely, the v-polynomial equals Wl(f) (4t).

Theorem (Nevo-Petersen, Ohsugi-T)
Wl(f)(élt) coincides with the f-polynomial of a flag simplicial complex.




Twinned chain polytopes

For a lattice polytope P C R?, write —P := {—x : x € P}.
P,Q : posets on [d].

Definition (Ohsugi-Hibi, Hibi-Matsuda-T)
The twinned chain polytope of P and @ is

Cpg = conv(Cp U (—Cq)).

Theorem (Hibi-Matsuda-T,T)

Cp is a locally anti-blocking reflexive polytope with a central flag
regular unimodular triangulation. In particular, each anti-blocking piace
is a chain polytope.




Twinned chain polytopes

For W C [d], write W = [d] \ W.
Py : the induced subposet of P on W.
Theorem (Ohsugi-T)

For each e € {—1,1}%, let I. = {i € [d] : &; = 1} and R, a naturally
labeled poset which is obtained from Pr. & QI— by reordering the label.
Set

Wpo(t) Z Ws
se{ 1,114

Then one has

e ) = ((1 ft)2) :

Namely, the v-polynomial equals Wp g (4t).




Symmetric edge polytopes of type B

G : a simple graph on [d] with edge set E(G)
Definition (Ohsugi-T)
The symmetric edge polytope of type B of G is

i = il ez bEs Ue e g E e

Theorem (Ohsugi-T)

B is unconditional. Moreover, B¢ is reflexive (with a regular
unimodular triangulation) if and only if G is bipartite. Furthermore, B¢
is reflexive with a (central) flag regular unimodular triangulation if and
only if G is a chordal bipartite graph.




Interior polynomials of hypergraphs

A hypergraph is a pair H = (V, E), where V = {v1,...,v,} and

S e T

BipH is the bipartite graph with a bipartition V' U E such that {v;,e;}
is an edge of BipH if v; € ¢;

VU1 V2 VU3 Vg Us




Interior polynomials of hypergraphs

Let G = BipH and assume that G is connected.

A hypertree in ‘H is a function f : E' — Zx>( such that there exists a
spanning tree I' of G such that deg(e) = f(e) + 1 for any e € E.

By := {hypertrees in 1}

ej € E is said to be internally inactive with respect to f € By, if there
exist f’ € By and 7' < j such that

el —
el b=
(e;) (otherwise)




Interior polynomials of hypergraphs

ej € E is said to be internally inactive with respect to f € By, if there
exist ' € By and j' < j such that

He) b=
f'(e) = { flex) +1 (i =)
f(e;) (otherwise)

V1 V2 V3 Vg Us U1 U3 U3 Vs Us V1 V2 VU3 Vg Us

15 3L 2
€1 €2 €3 €1 €2 €3

BipH e is internally inactive




Interior polynomials of hypergraphs

7(f) : the number of internally inactive hyperedges of f € By,.
The interior polynomial of H is the generating function

T = Y £,

feBy

If G is a connected bipartite graph such that G = Bip# for a hyper
graph H, then we write I¢(t) := Iy(t).
For a connected bipartite graph G on [d], the edge polytope (or root

polytope) of G is
Pg = conv({e; + e, : {i,j} € E(G)}).

Theorem (Kalman-Postnikov)
For a connected bipartite graph G, one has

r*(Pg,t) = I(1).




The ~-positivity of h*(Bg, t)

G : a bipartite graph with a bipartition V1 U V5 = [d]
Let G be the connected bipartite graph on [d + 2] whose edge set is

E(G) = E(G)U{{d+1,d+2}}U{{i,d+1} : i € Vi}U{{j,d+2} : j € Va}

Theorem (Ohsugi-T)

4t
(141)2

h*(Be,t) = (1+1)I5 (

Namely, the ~y-polynomial equals I (4t).




Symmetric edge polytopes of type A

G : a graph on [d] with the edge set E(G).
Definition (Ohsugi-Hibi)

The symmetric edge polytope of type A of G is

Ag = conv({x(e; —e;) : {3,j} € E(G)}).
Theorem (Ohsugi-Hibi)
Ag s reflexive with a regular unimodular triangulation.
Theorem (Higashitani-Jochemko-Michatek)
Let Ky 1,041 be a complete (m + 1,n + 1)-bipartite graph. Then

ik (AKm+1,n+17t) = Z

min(m,n) %
(AWRUAWEL i(t . 1)t+t—2i+1

1=0

In particular h*(Ak,, 1 ,.1,t) is y-positive. (In fact, it is real-rooted.)




Cuts of graphs
Given a subset S C [d],
Eg:={ec E(G):|lenS|=1}: acutof G.

We identify Eg with the subgraph of G on the vertex set [d] and the
edge set Eg. In particular, Eg is a bipartite graph.

Es

Cut(G) : the set of all cuts of G.

Note that |Cut(G)| = 2¢-1.




~-positivity of h*(Agz, 1)
Let G be the suspension of G, i.e., the connected bipartite graph on
[d + 1] whose edge set is
E(@) = E(G) U {{i,d+1}:i e [d]}.
Theorem (Ohsugi-T)

Ag is unimodularly equivalent to a locally anti-blocking reflexive
polytope and one has

il

Platd =g Y W0 =+ D ().

2
HeCut(G) (t E 1)

where

HeCut(G)

Namely, the v-polynomial equals fq(4t).




~-positivity of h*(Ag,t)

Theorem (Ohsugi-T)
Let G be a bipartite graph on [d]. Then the ~y-polynomial of h*(Ag,1)
coincides with that of h*(Ag,t). Hence h*(Ag,t) is y-positive.

For example, by using these formulas, we can compute

7
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=0

min(m,n)

i

=0




~-positivity of h*(Ac,, 1)

Ohsugi-Shibata computed the h*(Ac,,t). By using the result, we can
obtain

[(d=1)/2] it :
Rt (Aaf)i= ZO ( i ):L‘Z(a: i
In particular, it is y-positive.

AcCy,,4, 15 unimodularly equivalent to the del Pezzo polytope Vay,.
We can compute the h*-polynomials of pseudo-del Pezzo polytopes.

Theorem (Ohsugi-T)

The h*-polynomial of any pseudo-symmetric simplicial reflexive
polytope is y-positive.




~-positivity of h*(Ag,1)

h*(Ag,t) is y-positive if one of the following

o G = H for some graph H (e.g., complete graphs, wheel graphs);

o G = H for some bipartite graph H (e.g., complete bipartite
graphs);
o (G is a cycle;

o G is an outerplaner bipartite graph.

Conjecture
h*(Ag,t) is y-positive for any graph G.




~-positivity for locally anti-blocking reflexive polytopes

Conjecture

The h*-polynomial of a locally anti-blocking reflexive polytope is
y-positive.

In order to prove this conjecture, it is enough to show the following
conjecture:

Conjecture
The h*-polynomial of an unconditional reflexive polytope is ~-positive.




