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Combinatorial Designs

Definition (¢-(n, k, A) design)

Let
> X :={1,2,...,n}
> BC(})

We say (X, B) is a t-(n, k, \) design, if there exists A such that for
al Te (Y),\=|{BeB|TC B}



Combinatorial Designs

Example
Let

X ={1,2,3,4,5,6,7}
B =1{{1,2,4},{2,3,5},{3,4,6},{4,5,7},{5,6,1},{6,7,2},{7,1,3}}

Then,
X
VT e (2>,\{BEB|TgB}:1.

(X,B) is a 2-(7,3,1) design.




Codes=-Combinatorial Designs

Problem
How do we obtain a t-designs structure?

Let C' be an F-linear code of length n. For
c=(c1,¢9,...,cq) €C,

> supp(c) = {i | ¢ # 0}

> wi(c) := | supp(c)|

» Cy:={ceC|wt(c) =k}
Definition (¢-design obtained from a code)
Let C' be an F-linear code of length n.

{X:{1,2,...,n}
B(Cy) = {supp(c) | c € Ci} C (3,)

If (X,B(Ck)) is a t-(n, k, \) design, then C is a t-(n, k, \) design.
We say C'is a t-homogeneous if Cy is a t-design for all k(Cy # 0).



Codes=-Combinatorial Designs

Example (Hamming code)

Let H be the Hamming [7, 4] code (4-dim subspace of F7) with the
following generator matrix G:

1101 0 0 0
01 101 0O
G70011010
0001 101

Hs = {(1,1,0,1,0,0,0),(0,1,1,0,1,0,0), (0,0,1,1,0,1,0),
(0,0,0,1,1,0,1),(1,0,0,0,1,1,0),(0,1,0,0,0,1,1),(1,0,1,0,0,0,1) },
X = {1,2,3,4,5,6,7}
B(Hii) = {{1 274}7 {2737 5}7 {3747 6}7 {47 3, 7}7 {57 6, l}a {6, 7, 2}a {73 173}}
Then,
X
VT € (2),|{BEB|T§B}|:1.

(X,B(H3)) is a 2-(7,3,1) design. = Hs is a 2-(7,3,1) design.



Codes=-Combinatorial Designs

We can obtain a ¢-design from a code by using the following:
» Harmonic weight enumerators

» Jacobi polynomials (Main)



Designs<-Harmonic weight enumerators

Definition (Discrete harmonic function)
Let

> Q={1,....n}, X =22 X; = (¥)

> RX ={> cxcr|ViceR}

> R = (o, 0 Vi €B) (k= 0.1....0n)
For f € RXy, f is denoted by

F=Y fla)z

ze Xy

and we can identify f with a function on X}, given by z — f(2).
Moreover, f can be extend to f € RX : for u € X,

fluy="% 1)

2€Xk,2Cu



Designs<-Harmonic weight enumerators

> Let v:RX; — RX;_1 be a map defined by linearity from
v(z) = Z y for all z € Xj.
yeXk_1,yCz
» Harmy = ker(y|rx,)-
Then, an element of Harmy is a harmonic function.

Example
Let 2 ={1,2,3,4} and

f=1{12}+{1,3} — 2{1,4} — 2{2,3} + {2,4} + {3,4} € RX,.

Then

F{1,2,3}) = f({L2) + F{13) + F({2,3D) = 1+1-2=0,
V() =1 +{2}) + ({1} +{3})
—2({1} + {4}) — 2({2} + {3})
{2+ {4) + (31 +{4}) =0

and f € Harm,.



Designs<-Harmonic weight enumerators

Theorem (Delsarte ,1978)

Let C' be a binary code of length n.
Cy is a t-design &

Zcecz f(supp(c)) =0,Vf € Harmy (1 < k <t)

Example

Let
» (' be a binary code of length 4.
> Oy =

{(1,1,0,0),(1,0,1,0),(1,0,0,1),(0,1,1,0),(0,1,0,1),(0,0,1,1)}.

> B(C2) = {{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}.

Then, Cy is a 2-(4,2,1) design.

=4

F=1{1,2}+{1,3} — 2{1,4} — 2{2,3} + {2,4} + {3,4} € Harm,.

Zf(supp(c)):1+1—2—2+1+1:O.
ceCy



Designs<-Harmonic weight enumerators

Definition (Harmonic weight enumerator (Bachoc, 1999))

A harmonic weight enumerator of C' with f € Harmy, is defined as
follows:

wa T y Z f supp " wt(c)ywt(c).
ceC

Example (Hamming code)

Let H be the Hamming [7, 4] code (4-dim subspace of F3) with the
following generator matrix G:

1101000
G_ |01 10100
“loo 11010
0001101

H ={(0,0,0,0,0,0,0),(1,1,0,1,0,0,0), (0,1,1,0,1,0,0),...},

Then,

wi f(z,y) = F0)z" 0+ F({1,2,41) 2" 33+ F({2, 3,527 3y +- -



Designs<-Harmonic weight enumerators

Using

wC’f o y Zf supp 2" Wt(c)ywt(c)

ceC

=Y (> fsupp(e)))a" ",

(=0 ceCy

we have the following theorem.

Theorem
If for all f € Harmy, (1 <k <t), we,s(x,y) =0, then, for all ¢,
Cy (#£0) is a t-design.



Designs<-Harmonic weight enumerators

Example (Hamming code)

wip(z,y) = FO)a” + F({1,2, 412"y + F({2,3, 5}y’ + - -
= 0+ (F({1,2)) + F{L, 4} + F({2.4})) 2y
+(f({2,3)) + f({2,5)) + f({3,5})) 2™y’
+ (L3N + FULTH + f({3, 7)) aty?
+ (F(L5Y) + FHL 6}) + F({5.6}) a'y? + - -
=0+ (1 +1+Daty® + (1 +1+ 1)y
+(1=5-5)z'> + (1 +1—14)z"y> + -
= 0.

(f ={1,2} +{1,3}+{1,4} + {1,5} + {1,6} = 5{1, 7} - - - + 10{6, 7} € Harms)
> Hjs is a 2-design.
> H, is a 2-design.



Codes=-Combinatorial Designs

We can obtain a ¢-design from a code by using the following:
» Harmonic weight enumerators

» Jacobi polynomials (Main)



Designs<>Jacobi polynomials

Let C be an Fy-linear code of length n.
Definition (Weight enumerator)

) _ Z l,n—wt(c)ywt(c)

ceC

Definition (Jacobi polynomial (M. Ozeki, 1997))
Let T C{l,...,n} =[n].

JCT w, z,x y Zwmo ml(c no (C)ynl(c),
ceC

mo(c) = {j € T | ¢; = 0}
> mi(c) = [{j €T |c; # 0}
> no(c) = {7 € [P\ T | ¢j = 0}
» ni(c) ={j € [n]\T|c; #0}



Designs<>Jacobi polynomials

Example (Hamming code)

Let H be the Hamming [7, 4] code (4-dim subspace of F7) with the
following generator matrix G-

1101 0 00
G:()llOlOO
0011010
000 1 101

H ={(0,0,0,0,0,0,0),(1,1,0,1,0,0,0), (0,1,1,0,1,0,0),
(0,0,1,1,0,1,0),(0,0,0,1,1,0,1),...,(1,1,1,1,1,1, 1)},

Then,

Wiz, y) = 2700 + 2733 4 42T Ty
=2 + Taty® + 18yt 4y



Designs<>Jacobi polynomials

Example (Hamming code)

H ={(0,0,0,0,0,0,0),(1,1,0,1,0,0,0), (0,1,1,0,1,0,0),
(0,0,1,1,0,1,0),(0,0,0,1,1,0,1),...,(1,1,1,1,1,1, 1)},

Hs is a 2-(7,3,1) design.
If T = {1,2}, then

JH,{l,Q}(waz’x,y)
= 0?2025y 4 w22ty 4 - w2200

= w?(2® + 22%9° + 2y?) + wz(daPy?® + 42y3) + 22 (1aty + 223y + o°).

The coefficient of zta"*y*~tin Jor = [{c € Ci | T C supp(c)}|.

Theorem

If C'is a t-homogeneous, then Jc 1 is uniquely determined for all T' C [n]
(IT] = 1).

This Jacobi polynomial is denoted by J¢ ;.



Designs<>Jacobi polynomials

Example (Hamming code)

Let H be the Hamming [7, 4] code (4-dim subspace of F}) with
the following generator matrix G:

1101000
c_l01 10100
0011010

0001101

> Hjis a 2-(7,3,1)design.
> Hyis a 2-(7,4,2)design.
= H is a 2-homogeneous.
Jua(w, z,2,y)
= w(2® + 423y + 322y*) + 2(32ty? + 423y® + /),
J2(w, z,z,y)

= w?(2® + 22%9° + 2y?) + wz(da®y® + 422y3) + 22 (aty + 22°9% + 9°).
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Extended t-design

Definition (t-(n, k, AT*, ..., AY) design)
Let
> X :={1,2,...,n}
> BC (i)
We say (X, B) is a t-(n, k, AT*, ..., AYY) design, if there exists
some A1, ..., AN, where

ai—|{T€()t(> N=H{BeB|TCBY} (a>0).

Remark
If A1 <...< A, then (X,B) is a

» t-(n,k, \n) packing design,
» t-(n,k, A1) covering design.

Moreover, the maximum (resp. minimum) number of blocks is
denoted by Dy, (n, k,t) (resp. Cy,(n,k,t)).



Codes=-Combinatorial Designs

Definition (¢-design obtained from a code)
Let C' be an F-linear code of length n.

X ={1,2,...,n},
B(Cr) = {supp(c) | c € Ch} € (3)
If (X,B(Cy))is at-(n,k,A{*,...,A}) design, then Cj is a

t-(n, kALY, ., AQY) design, where

a; = |{T € (f) Ni={BeBC)|TCBYY (\>0, a; > 0).

When N =1, Cy, is a t-design.

Definition (Type Ill code)

A self-dual code C over F3 of length n =0 (mod 4) is called Type
I1'if the weight of each codeword of C' is a multiple of 3.



Codes=-Combinatorial Designs

Example (Type Il code of length 8 Cy;s (unique))
X ={1,2,3,4,5,6,7,8},
(Cﬁl)e =1{(1,2,2,0,0,2,2,2),(0,1,1,1,1,2,2,0),(1,1,2, 1,
2,0,0,1),(1,2,0,1,0,2,1,2),(2,0,2,2,2,2,1,0), ...},
B((C8)6) = {{1,2,3,6,7,8},12,4,5,6,7,8},{2,3,4,5,6, 7},

{1,2,3,4,5,7},{1,2,3,4,5,8},{2,3,5,6,7,8},
{1,2,4,6,7,8},{2,3,4,5,6,8},{1,2,3,5,7,8},
{1,3,4,5,6,8},{1,4,5,6,7,8},{1,3,5,6,7,8},
{1,2,3,4,6,8},{1,2,3,4,6,7},{1,2,4,5,7,8},
{1,3,4,5,6,7}},

Then,
o =T € () 1108 € B(CRow) | T € BY =)

= [{{1,2},{1,5},{1,6},...}] = 12,



Codes=-Combinatorial Designs

Example (Type Il code of length 8 Cjs (unique))
B((CH)e) = {{1,2,3,6,7,8},{2,4,5,6,7,8},{2,3,4,5,6,7},
(1,2,3,4,5,7},{1,2,3,4,5,8),{2,3,5,6,7,8},
{1,2,4,6,7,8},{2,3,4,5,6,8},{1,2,3,5,7,8},
{1,3,4,5,6,8),{1,4,5,6,7,8}, {1,3,5,6,7,8},
{1,2,3,4,6,8},{1,2,3,4,6,7},{1,2,4,5,7,8},
(1,3,4,5,6,7},

Then,
ca=l(re (3 ) 118 € 2GR | T < B =9}
— 1{{4,5},{1,3},{1,4},...}| = 16.

Then, (X, B((C§))6)) is a 2-(8,6,812,9'6) design.
Therefore, (Cf}))6 is a 2-(8,6,8'2,9%0) design.

> 2-(8,6,9) packing design

> 2-(8,6,8) covering design



Designs<>Jacobi polynomials

Theorem

For any T' C [n] (|T| = t), there are precisely N members the
coefficient of the term wi 2?2x71yJ2 (iy + jo = k) of Jacobi
polynomials. Then, Cy is a t-(n, k, A", ..., A}Y) design.
Example (Type Il code of length 16)

Let C' be the first Type Il code of length 16 in “M. Harada and A.
Munemasa, Database of self-dual codes”.

Chz is a 2-(16,12, (15112,218)) design.
=
Ty = w0 (@ + 1520y + 472%° + 2%y'?) + wz (12211 y® + 10427y
+ 12$3y11) + Z2<x12y2 +47$8y6 + 155134le +y14)’
Jég = w?(z™ 4 2120 + 352%9° 4 722y1?) + 128wzzTy”
+ 22(7x%y? + 3528y° 4 2121910 4 4.



Designs<>Jacobi polynomials

The number of the basis of Jo 7 = We use " Molien series”.

Theorem
Jacobi polynomial Jem 7 is invariant under the action of group

1 2 0 0 1 0 0 0
. <11—100 0 2mi/3 g 0>
TA\V3l0 01 2|0 0o 1 0
0 0 1 —-1] [0 0 0 ¥/

of order 48.



Designs<>Jacobi polynomials

Definition (Molien series)

oo n

Mg, (u,v) = E Edllinzuv —
n=0 =0

is called Molien series, where

Mi,n—i = ((C[’LU, Z, T, y]GS)i,n—ia

((C[w7zvx7y]G3)i,n7i = {f S (C[w,z,x,y] |Vg S GBa gf = f7
degree of w, z in f is i,
degree of z,y in fisn —i}.

Theorem (R. P. Stanley, 1979)

1
Mg, (u,v) = |G3| Z det(l —ug)det (1 —vg)




Designs<>Jacobi polynomials
Example (Type Ill code of length 8 Cf, (unique))

The homogeneous part of degree 8 of the Molien series Mg, (u,v) is

u® + uv + 2080 + 20°03 + 2uto? + 2uP0® + 20200 + W + 8.
Then, M ¢ is generated by 2 polynomials as follows:

Mag = (Wes (Joi 2), (Joi 1)?)

n " >

The coefficient of each basis is determined by comparing the terms of
Jacobi polynomials.

Jé's o =1 Wea (Jcﬁth) +0- (Jcﬁlwl)Q

1" 1]

T2 =0 WoyUcy2) +1- Ucy)’
We can obtain Jacobi polynomials as follows:
J(lfffp? = w?(2® + 823y3) + wz(daty? + 3229°) + 2% (4x°y + 3222y*),
JZs o = w?(42%y® + 4y°) + wz(122%y? + 242y°) + 36272y,

n



Designs<>Jacobi polynomials

Jé,?,,Q = w? (25 + 823y3) + wz(daty® + 32xy°) + 2% (4aPy + 322257,
Jgﬁl,z = w?(4x3y® + 49°) + wz(122%y? + 242y°) + 27 (3622y5~?).
(Cf)e is a 2-(8,6, (812,910)) design.
= \; = 8 = 1/4 x (the coefficient of the termz?z%y%~2 of Jé‘ﬁ‘,, )
=1/4 x 32,
Ao =9 = 1/4 x (the coefficient of the termzz2y5~2 of J2 5)

III’
=1/4 x 36.

11 2-(8,6, (812,916))

4_(]_67 9’ (8828, 92336’ 94896’ 96560))
2-(20,9, (392, 432190))
2-(20, 12, (421290, 4296%))
2-(20, 15, (6308%°, 6444100))

vV 2-(6,4, (1'2,2%))




Ex:Type 1l code of length 8 Cf}, (unique)

Wcﬁl (z,y) = 2° 4+ 162°y> + 642%°.

(Cﬁ|)6 is a 2-(8,6,8) packing design and a 2-(8,6,9) covering
design.

Cs(8,6,2) < 16 < Dy(8,6,2)
= 16 = 1/4 x (the coefficient of the termz?y° of WCﬁu)
=1/4 x 64,

Il C5(8,6,2) < 16 < Dy(8,6,2)
Css(16,9,4) < 1360 < Dog(16,9,4)
C392(20,9,2) < 2180 < Dy432(20,9,2)
C4212(20,12,2) < 12240 < Dy296(20, 12,2)
Ce308(20, 15, 2) < 11544 < Dgyq4(20,15,2)

IV C1(6,4,2) < 3 < Dy(6,4,2)
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MacWilliams type identity

Theorem (M. Ozeki, 1997)
If C'is a binary linear code, then

1 1 1
JcL’T(w,Z,(L‘,y) = |C¢|(|:1 _1:| ®I)JC,T(waz7'Tay)'

Example (Hamming code)

Let H+ be the dual code of H.
Then,

Jgia(w,z,z,y) = uz(:L"6 + 3m2y4) + dzady3
=Jai(w+z,w—z,2+y,z—y),

JpLo(w, 2,m,y) = w?(2° + zy?) + dwza’y® + 222232
=Juo(w+z,w—z,x+y,z—y).

¥ T (w, z,2,y) = w(@® + 42®y® 4+ 32%y*) + 2(32%y? + 42°y® + ),
Jr 2w, z,2,y) = w?(2° + 22%y° + ay?) + wz(4a®y? + 42%y%) + 22 (aty + 22%y> + 7).



Jacobi polynomial with respect to ¢ reference vectors

Definition (Jacobi polynomial)
Let C' be an Fy-linear code of length n. Let T := (T1,...,T}) of
pairwise disjoint sets T; C [n].

JC,T(wla Zlyee., Wy, Zfal‘ﬂaxl) =
mi(c) mi(c) mé(c) _mé(c) no(c) ni(c)
Z“ﬁo Zy e wy g g

ceC

where
mi(c)={jeTi|¢;=0} (i=1,...,0
mi(e)={jeTi|c;#0} (i=1,...,0)
no(c) = {j € [n]\ Ui<i<e Ti | ¢; = 0}
(©) =i e\ Uicic Ti | ¢; # 0}

» ni(c



Jacobi polynomial with respect to ¢ reference vectors

Example (Type Ill code of length 4 Ci, (unique))

Cﬁ' = {(07 07 07 0)7 (17 07 17 1)7 (27 07 27 2)7 (2/ 1707 1)7
(0.1,1,2),(1,1,2,0),(1,2,0,2),(2,2,1,0),(0,2,2,1)}

If T = ({1,2},{4}) then

J Cih»({1.2}, {4})(%01, 21, W2, 22, L0, xl)
2,0,,1 1.1, 0.1.0.1
= w3y Z?wQngoxl + -+ w2 ngngl‘l

= wlwga?o + dwiz12911 + 2z%w2x1 + 22’%2’2:1:0.



Jacobi polynomial with respect to ¢ reference vectors

Example (Type Ill code of length 4 Cjj; (unique))
If T = ({1,2},{4}) then

JCﬁI7({1’2}’{4}) (U]]_, 21, W2, 22, X0, .131)

= w%ngo + 4wy 212971 + 2z%w2x1 + 22’%2’2%0.
Then,

Jeayr (1,23, qap) (W1, 21, w2, 22, To, T1)

1
= §JCﬁ|’({172}’{4})(fw1 + 221,’11)1 — 21, W2 + 222,11)2 — 22,%0 + 2%1,%0 — .’El)

1 1 2
= |Cﬁ||([1 _1] @I ®I)Joa ((1,2).(ay) (W1, 21, W2, 22, To, T1).

We can obtain a MacWilliams type identity for the Jacobi
polynomial of C’ﬁl with respect to 2 reference vectors.



MacWilliams type identity

We can obtain a MacWilliams type identity for the Jacobi
polynomial of an F-linear code C' with respect to ¢ reference
vectors as follows:

Theorem (Y. Tanaka et al., 2023)

JCL,T(wl’Zb .. 'awlaszmxl) =
1 /1 g—1
m( 1 -1 @I®---@IJor(w,21,...,we, 20, %o, T1).

Theorem (M. Ozeki, 1997)

If C is a binary linear code, then

1 /1 1
JCJ-,T(wv'%x?y) = ‘C«’(|:1 _1:| ®I)JC,T(waZ’xay)'
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