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Combinatorial Designs

Definition (t-(n, k, λ) design)

Let

▶ X := {1, 2, . . . , n}
▶ B ⊆

(
X
k

)
We say (X,B) is a t-(n, k, λ) design, if there exists λ such that for
all T ∈

(
X
t

)
, λ = |{B ∈ B | T ⊆ B}|.



Combinatorial Designs

Example

Let{
X = {1, 2, 3, 4, 5, 6, 7}
B = {{1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}, {5, 6, 1}, {6, 7, 2}, {7, 1, 3}}

Then,

∀T ∈
(
X

2

)
, |{B ∈ B | T ⊆ B}| = 1.

(X,B) is a 2-(7, 3, 1) design.

Figure: 2-(7, 3, 1) design



Codes⇒Combinatorial Designs

Problem
How do we obtain a t-designs structure?

Let C be an Fq-linear code of length n. For
c = (c1, c2, . . . , cn) ∈ C,

▶ supp(c) := {i | ci ̸= 0}
▶ wt(c) := | supp(c)|
▶ Ck := {c ∈ C | wt(c) = k}

Definition (t-design obtained from a code)

Let C be an Fq-linear code of length n.{
X = {1, 2, . . . , n}
B(Ck) = {supp(c) | c ∈ Ck} ⊆

(
X
k

)
If (X,B(Ck)) is a t-(n, k, λ) design, then Ck is a t-(n, k, λ) design.

We say C is a t-homogeneous if Ck is a t-design for all k(Ck ̸= ∅).



Codes⇒Combinatorial Designs

Example (Hamming code)
Let H be the Hamming [7, 4] code (4-dim subspace of F7

2) with the
following generator matrix G:

G =


1 1 0 1 0 0 0
0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1


H3 = {(1, 1, 0, 1, 0, 0, 0), (0, 1, 1, 0, 1, 0, 0), (0, 0, 1, 1, 0, 1, 0),
(0, 0, 0, 1, 1, 0, 1), (1, 0, 0, 0, 1, 1, 0), (0, 1, 0, 0, 0, 1, 1), (1, 0, 1, 0, 0, 0, 1)},{
X = {1, 2, 3, 4, 5, 6, 7}
B(H3) = {{1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}, {5, 6, 1}, {6, 7, 2}, {7, 1, 3}}

Then,

∀T ∈
(
X

2

)
, |{B ∈ B | T ⊆ B}| = 1.

(X,B(H3)) is a 2-(7, 3, 1) design. ⇒ H3 is a 2-(7, 3, 1) design.



Codes⇒Combinatorial Designs

We can obtain a t-design from a code by using the following:

▶ Harmonic weight enumerators

▶ Jacobi polynomials (Main)



Designs⇔Harmonic weight enumerators

Definition (Discrete harmonic function)

Let

▶ Ω = {1, . . . , n}, X = 2Ω, Xk =
(
X
k

)
▶ RX = {

∑
x∈X cix | ∀i, ci ∈ R}

▶ RXk = {
∑

x∈Xk
cix | ∀i, ci ∈ R} (k = 0, 1, . . . , n)

For f ∈ RXk, f is denoted by

f =
∑
z∈Xk

f(z)z

and we can identify f with a function on Xk given by z → f(z).
Moreover, f can be extend to f̃ ∈ RX : for u ∈ X,

f̃(u) =
∑

z∈Xk,z⊂u

f(z).



Designs⇔Harmonic weight enumerators
▶ Let γ : RXk → RXk−1 be a map defined by linearity from

γ(z) =
∑

y∈Xk−1,y⊂z

y for all z ∈ Xk.

▶ Harmk = ker(γ|RXk
).

Then, an element of Harmk is a harmonic function.

Example
Let Ω = {1, 2, 3, 4} and

f = {1, 2}+ {1, 3} − 2{1, 4} − 2{2, 3}+ {2, 4}+ {3, 4} ∈ RX2.

Then

f̃({1, 2, 3}) = f({1, 2}) + f({1, 3}) + f({2, 3}) = 1 + 1− 2 = 0,

γ(f) =({1}+ {2}) + ({1}+ {3})
− 2({1}+ {4})− 2({2}+ {3})
+ ({2}+ {4}) + ({3}+ {4}) = 0

and f ∈ Harm2.



Designs⇔Harmonic weight enumerators

Theorem (Delsarte ,1978)

Let C be a binary code of length n.
Cℓ is a t-design ⇔∑

c∈Cℓ
f̃(supp(c)) = 0, ∀f ∈ Harmk (1 ≤ k ≤ t)

Example

Let

▶ C be a binary code of length 4.

▶ C2 =
{(1, 1, 0, 0), (1, 0, 1, 0), (1, 0, 0, 1), (0, 1, 1, 0), (0, 1, 0, 1), (0, 0, 1, 1)}.

▶ B(C2) = {{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}}.
Then, C2 is a 2-(4, 2, 1) design.
⇔
f = {1, 2}+ {1, 3} − 2{1, 4} − 2{2, 3}+ {2, 4}+ {3, 4} ∈ Harm2.∑

c∈C2

f̃(supp(c)) = 1 + 1− 2− 2 + 1 + 1 = 0.



Designs⇔Harmonic weight enumerators
Definition (Harmonic weight enumerator (Bachoc, 1999))
A harmonic weight enumerator of C with f ∈ Harmk is defined as
follows:

wC,f (x, y) =
∑
c∈C

f̃(supp(c))xn−wt(c)ywt(c).

Example (Hamming code)
Let H be the Hamming [7, 4] code (4-dim subspace of F7

2) with the
following generator matrix G:

G =


1 1 0 1 0 0 0
0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1


H = {(0, 0, 0, 0, 0, 0, 0), (1, 1, 0, 1, 0, 0, 0), (0, 1, 1, 0, 1, 0, 0), . . .},

Then,

wH,f (x, y) = f̃(∅)x7−0y0+f̃({1, 2, 4})x7−3y3+f̃({2, 3, 5})x7−3y3+· · · .



Designs⇔Harmonic weight enumerators

Using

wC,f (x, y) =
∑
c∈C

f̃(supp(c))xn−wt(c)ywt(c)

=
n∑

ℓ=0

(
∑
c∈Cℓ

f̃(supp(c)))xn−ℓyℓ,

we have the following theorem.

Theorem
If for all f ∈ Harmk (1 ≤ k ≤ t), wC,f (x, y) = 0, then, for all ℓ,
Cℓ ( ̸= ∅) is a t-design.



Designs⇔Harmonic weight enumerators

Example (Hamming code)

wH,f (x, y) = f̃(∅)x7 + f̃({1, 2, 4})x4y3 + f̃({2, 3, 5})x4y3 + · · ·
= 0 + (f({1, 2}) + f({1, 4}) + f({2, 4}))x4y3

+ (f({2, 3}) + f({2, 5}) + f({3, 5}))x4y3

+ (f({1, 3}) + f({1, 7}) + f({3, 7}))x4y3

+ (f({1, 5}) + f({1, 6}) + f({5, 6}))x4y3 + · · ·
= 0 + (1 + 1 + 1)x4y3 + (1 + 1 + 1)x4y3

+ (1− 5− 5)x4y3 + (1 + 1− 14)x4y3 + · · ·
= 0.

(f = {1, 2}+{1, 3}+{1, 4}+{1, 5}+{1, 6}−5{1, 7} · · ·+10{6, 7} ∈ Harm2)

▶ H3 is a 2-design.

▶ H4 is a 2-design.



Codes⇒Combinatorial Designs

We can obtain a t-design from a code by using the following:

▶ Harmonic weight enumerators

▶ Jacobi polynomials (Main)



Designs⇔Jacobi polynomials
Let C be an Fq-linear code of length n.

Definition (Weight enumerator)

WC(x, y) :=
∑
c∈C

xn−wt(c)ywt(c).

Definition (Jacobi polynomial (M. Ozeki, 1997))

Let T ⊆ {1, . . . , n} = [n].

JC,T (w, z, x, y) :=
∑
c∈C

wm0(c)zm1(c)xn0(c)yn1(c),

where

▶ m0(c) = |{j ∈ T | cj = 0}|
▶ m1(c) = |{j ∈ T | cj ̸= 0}|
▶ n0(c) = |{j ∈ [n] \ T | cj = 0}|
▶ n1(c) = |{j ∈ [n] \ T | cj ̸= 0}|



Designs⇔Jacobi polynomials

Example (Hamming code)
Let H be the Hamming [7, 4] code (4-dim subspace of F7

2) with the
following generator matrix G:

G =


1 1 0 1 0 0 0
0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1


H = {(0, 0, 0, 0, 0, 0, 0), (1, 1, 0, 1, 0, 0, 0), (0, 1, 1, 0, 1, 0, 0),

(0, 0, 1, 1, 0, 1, 0), (0, 0, 0, 1, 1, 0, 1), . . . , (1, 1, 1, 1, 1, 1, 1)},

Then,

WH(x, y) = x7−0y0 + x7−3y3 + · · ·+ x7−7y7

= x7 + 7x4y3 + 7x3y4 + y7.



Designs⇔Jacobi polynomials

Example (Hamming code)

H = {(0, 0, 0, 0, 0, 0, 0), (1, 1, 0, 1, 0, 0, 0), (0, 1, 1, 0, 1, 0, 0),
(0, 0, 1, 1, 0, 1, 0), (0, 0, 0, 1, 1, 0, 1), . . . , (1, 1, 1, 1, 1, 1, 1)},

H3 is a 2-(7, 3, 1) design.
If T = {1, 2}, then

JH,{1,2}(w, z, x, y)

= w2z0x5y0 + w0z2x4y1 + · · ·+ w0z2x0y5

= w2(x5 + 2x2y3 + xy4) + wz(4x3y2 + 4x2y3) + z2(1x4y + 2x3y2 + y5).

The coefficient of ztxn−kyk−t in JC,T = |{c ∈ Ck | T ⊂ supp(c)}|.

Theorem
If C is a t-homogeneous, then JC,T is uniquely determined for all T ⊂ [n]
(|T | = t).

This Jacobi polynomial is denoted by JC,t.



Designs⇔Jacobi polynomials

Example (Hamming code)

Let H be the Hamming [7, 4] code (4-dim subspace of F7
2) with

the following generator matrix G:

G =


1 1 0 1 0 0 0
0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1


▶ H3 is a 2-(7, 3, 1)design.

▶ H4 is a 2-(7, 4, 2)design.

⇒ H is a 2-homogeneous.

JH,1(w, z, x, y)

= w(x6 + 4x3y3 + 3x2y4) + z(3x4y2 + 4x3y3 + y6),

JH,2(w, z, x, y)

= w2(x5 + 2x2y3 + xy4) + wz(4x3y2 + 4x2y3) + z2(x4y + 2x3y2 + y5).
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Extended t-design

Definition (t-(n, k, λa1
1 , . . . , λaN

N ) design)

Let

▶ X := {1, 2, . . . , n}
▶ B ⊆

(
X
k

)
We say (X,B) is a t-(n, k, λa1

1 , . . . , λaN
N ) design, if there exists

some λ1, . . . , λN , where

ai = |{T ∈
(
X

t

)
| λi = |{B ∈ B | T ⊆ B}|}| (ai > 0).

Remark
If λ1 ≤ . . . ≤ λN , then (X,B) is a

▶ t-(n, k, λN ) packing design,

▶ t-(n, k, λ1) covering design.

Moreover, the maximum (resp. minimum) number of blocks is
denoted by DλN

(n, k, t) (resp. Cλ1(n, k, t)).



Codes⇒Combinatorial Designs

Definition (t-design obtained from a code)

Let C be an Fq-linear code of length n.{
X = {1, 2, . . . , n},
B(Ck) = {supp(c) | c ∈ Ck} ⊆

(
X
k

)
If (X,B(Ck)) is a t-(n, k, λa1

1 , . . . , λaN
N ) design, then Ck is a

t-(n, k, λa1
1 , . . . , λaN

N ) design, where

ai = |{T ∈
(
X

t

)
| λi = |{B ∈ B(Ck) | T ⊆ B}|}| (λi > 0, ai > 0).

When N = 1, Ck is a t-design.

Definition (Type III code)

A self-dual code C over F3 of length n ≡ 0 (mod 4) is called Type
III if the weight of each codeword of C is a multiple of 3.



Codes⇒Combinatorial Designs

Example (Type III code of length 8 CIII8 (unique))
X = {1, 2, 3, 4, 5, 6, 7, 8},

(C8
III)6 = {(1, 2, 2, 0, 0, 2, 2, 2), (0, 1, 1, 1, 1, 2, 2, 0), (1, 1, 2, 1,

2, 0, 0, 1), (1, 2, 0, 1, 0, 2, 1, 2), (2, 0, 2, 2, 2, 2, 1, 0), . . .},
B((C8

III)6) = {{1, 2, 3, 6, 7, 8}, {2, 4, 5, 6, 7, 8}, {2, 3, 4, 5, 6, 7},
{1, 2, 3, 4, 5, 7}, {1, 2, 3, 4, 5, 8}, {2, 3, 5, 6, 7, 8},
{1, 2, 4, 6, 7, 8}, {2, 3, 4, 5, 6, 8}, {1, 2, 3, 5, 7, 8},
{1, 3, 4, 5, 6, 8}, {1, 4, 5, 6, 7, 8}, {1, 3, 5, 6, 7, 8},
{1, 2, 3, 4, 6, 8}, {1, 2, 3, 4, 6, 7}, {1, 2, 4, 5, 7, 8},
{1, 3, 4, 5, 6, 7}},

Then,

a1 = |{T ∈
(
X

2

)
| |{B ∈ B((C8

III)6) | T ⊆ B}| = 8}|

= |{{1, 2}, {1, 5}, {1, 6}, . . .}| = 12,



Codes⇒Combinatorial Designs

Example (Type III code of length 8 CIII8 (unique))
B((C8

III)6) = {{1, 2, 3, 6, 7, 8}, {2, 4, 5, 6, 7, 8}, {2, 3, 4, 5, 6, 7},
{1, 2, 3, 4, 5, 7}, {1, 2, 3, 4, 5, 8}, {2, 3, 5, 6, 7, 8},
{1, 2, 4, 6, 7, 8}, {2, 3, 4, 5, 6, 8}, {1, 2, 3, 5, 7, 8},
{1, 3, 4, 5, 6, 8}, {1, 4, 5, 6, 7, 8}, {1, 3, 5, 6, 7, 8},
{1, 2, 3, 4, 6, 8}, {1, 2, 3, 4, 6, 7}, {1, 2, 4, 5, 7, 8},
{1, 3, 4, 5, 6, 7}},

Then,

a2 = |{T ∈
(
X

2

)
| |{B ∈ B((C8

III)6) | T ⊆ B}| = 9}|

= |{{4, 5}, {1, 3}, {1, 4}, . . .}| = 16.

Then, (X,B((C8
III)6)) is a 2-(8, 6, 812, 916) design.

Therefore, (C8
III)6 is a 2-(8, 6, 812, 916) design.

▶ 2-(8, 6, 9) packing design

▶ 2-(8, 6, 8) covering design



Designs⇔Jacobi polynomials

Theorem
For any T ⊆ [n] (|T | = t), there are precisely N members the
coefficient of the term wi1zi2xj1yj2 (i2 + j2 = k) of Jacobi
polynomials. Then, Ck is a t-(n, k, λa1

1 , . . . , λaN
N ) design.

Example (Type II code of length 16)

Let C be the first Type II code of length 16 in “M. Harada and A.
Munemasa, Database of self-dual codes”.

C12 is a 2-(16, 12, (15112, 218)) design.
⇔

J1
C,2 = w2(x14 + 15x10y4 + 47x6y8 + x2y12) + wz(12x11y3 + 104x7y7

+ 12x3y11) + z2(x12y2 + 47x8y6 + 15x4y10 + y14),

J2
C,2 = w2(x14 + 21x10y4 + 35x6y8 + 7x2y12) + 128wzx7y7

+ z2(7x12y2 + 35x8y6 + 21x4y10 + y14).



Designs⇔Jacobi polynomials

The number of the basis of JC,T ⇒ We use ”Molien series”.

Theorem
Jacobi polynomial JCn

III,T
is invariant under the action of group

G3 =

〈
1√
3


1 2 0 0
1 −1 0 0
0 0 1 2
0 0 1 −1

 ,


1 0 0 0

0 e2πi/3 0 0
0 0 1 0

0 0 0 e2πi/3


〉

of order 48.



Designs⇔Jacobi polynomials

Definition (Molien series)

MG3(u, v) =

∞∑
n=0

n∑
i=0

dimMi,n−iu
ivn−i

is called Molien series, where

Mi,n−i := (C[w, z, x, y]G3)i,n−i,

(C[w, z, x, y]G3)i,n−i = {f ∈ C[w, z, x, y] |∀g ∈ G3, gf = f,

degree of w, z in f is i,

degree of x, y in f is n− i}.

Theorem (R. P. Stanley, 1979)

MG3(u, v) =
1

|G3|
∑
g∈G3

1

det (1− ug) det (1− vg)
.



Designs⇔Jacobi polynomials
Example (Type III code of length 8 C8

III (unique))
The homogeneous part of degree 8 of the Molien series MG3(u, v) is

u8 + u7v + 2u6v2 + 2u5v3 + 2u4v4 + 2u3v5 + 2u2v6 + uv7 + v8.

Then, M2,6 is generated by 2 polynomials as follows:

M2,6 = ⟨WC4
III
(JC4

III,2
), (JC4

III,1
)2⟩

The coefficient of each basis is determined by comparing the terms of
Jacobi polynomials.

J1
C8

III,2
= 1 ·WC4

III
(JC4

III,2
) + 0 · (JC4

III,1
)2

J2
C8

III,2
= 0 ·WC4

III
(JC4

III,2
) + 1 · (JC4

III,1
)2

We can obtain Jacobi polynomials as follows:

J1
C8

III,2
= w2(x6 + 8x3y3) + wz(4x4y2 + 32xy5) + z2(4x5y + 32x2y4),

J2
C8

III,2
= w2(4x3y3 + 4y6) + wz(12x4y2 + 24xy5) + 36z2x2y4.



Designs⇔Jacobi polynomials

J1
C8

III,2
= w2(x6 + 8x3y3) + wz(4x4y2 + 32xy5) + z2(4x5y + 32x2y6−2),

J2
C8

III,2
= w2(4x3y3 + 4y6) + wz(12x4y2 + 24xy5) + z2(36x2y6−2).

(C8
III)6 is a 2-(8, 6, (812, 916)) design.

⇒ λ1 = 8 = 1/4× (the coefficient of the termz2x2y6−2 of J1
C8

III,2
)

= 1/4× 32,

λ2 = 9 = 1/4× (the coefficient of the termz2x2y6−2 of J2
C8

III,2
)

= 1/4× 36.

III 2-(8, 6, (812, 916))

4-(16, 9, (8828, 92336, 94896, 96560))

2-(20, 9, (39290, 432100))

2-(20, 12, (4212100, 429690))

2-(20, 15, (630890, 6444100))

IV 2-(6, 4, (112, 23))



Ex:Type III code of length 8 C8
III (unique)

WC8
III
(x, y) = x8 + 16x5y3 + 64x2y6.

(C8
III)6 is a 2-(8, 6, 8) packing design and a 2-(8, 6, 9) covering

design.

C8(8, 6, 2) ≤ 16 ≤ D9(8, 6, 2)

⇒ 16 = 1/4× (the coefficient of the termx2y6 of WC8
III
)

= 1/4× 64,

III C8(8, 6, 2) ≤ 16 ≤ D9(8, 6, 2)

C88(16, 9, 4) ≤ 1360 ≤ D96(16, 9, 4)

C392(20, 9, 2) ≤ 2180 ≤ D432(20, 9, 2)

C4212(20, 12, 2) ≤ 12240 ≤ D4296(20, 12, 2)

C6308(20, 15, 2) ≤ 11544 ≤ D6444(20, 15, 2)

IV C1(6, 4, 2) ≤ 3 ≤ D2(6, 4, 2)
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MacWilliams type identity

Theorem (M. Ozeki, 1997)

If C is a binary linear code, then

JC⊥,T (w, z, x, y) =
1

|C|
(

[
1 1
1 −1

]
⊗ I)JC,T (w, z, x, y).

Example (Hamming code)

Let H⊥ be the dual code of H.
Then,

JH⊥,1(w, z, x, y) = w(x6 + 3x2y4) + 4zx3y3

= JH,1(w + z, w − z, x+ y, x− y),

JH⊥,2(w, z, x, y) = w2(x5 + xy4) + 4wzx2y3 + 2z2x3y2

= JH,2(w + z, w − z, x+ y, x− y).

※ JH,1(w, z, x, y) = w(x6 + 4x3y3 + 3x2y4) + z(3x4y2 + 4x3y3 + y6),

JH,2(w, z, x, y) = w2(x5 + 2x2y3 + xy4) + wz(4x3y2 + 4x2y3) + z2(x4y + 2x3y2 + y5).



Jacobi polynomial with respect to ℓ reference vectors

Definition (Jacobi polynomial)

Let C be an Fq-linear code of length n. Let T := (T1, . . . , Tℓ) of
pairwise disjoint sets Ti ⊆ [n].

JC,T(w1, z1, . . . , wℓ, zℓ, x0, x1) :=∑
c∈C

w
m1

0(c)
1 z

m1
1(c)

1 · · ·wmℓ
0(c)

ℓ z
mℓ

1(c)
ℓ x

n0(c)
0 x

n1(c)
1 ,

where

▶ mi
0(c) = |{j ∈ Ti | cj = 0}| (i = 1, . . . , ℓ)

▶ mi
1(c) = |{j ∈ Ti | cj ̸= 0}| (i = 1, . . . , ℓ)

▶ n0(c) = |{j ∈ [n] \
⋃

1≤i≤ℓ Ti | cj = 0}|
▶ n1(c) = |{j ∈ [n] \

⋃
1≤i≤ℓ Ti | cj ̸= 0}|



Jacobi polynomial with respect to ℓ reference vectors

Example (Type III code of length 4 C4
III (unique))

C4
III = {(0, 0, 0, 0), (1, 0, 1, 1), (2, 0, 2, 2), (2, 1, 0, 1),

(0, 1, 1, 2), (1, 1, 2, 0), (1, 2, 0, 2), (2, 2, 1, 0), (0, 2, 2, 1)}

If T = ({1, 2},{4}) then

JC4
III,({1,2},{4})

(w1, z1, w2, z2, x0, x1)

= w2
1z

0
1w

1
2z

0
2x

1
0x

0
1 + · · ·+ w1

1z
1
1w

0
2z

1
2x

0
0x

1
1

= w2
1w2x0 + 4w1z1z2x1 + 2z21w2x1 + 2z21z2x0.



Jacobi polynomial with respect to ℓ reference vectors

Example (Type III code of length 4 C4
III (unique))

If T = ({1, 2},{4}) then

JC4
III,({1,2},{4})

(w1, z1, w2, z2, x0, x1)

= w2
1w2x0 + 4w1z1z2x1 + 2z21w2x1 + 2z21z2x0.

Then,

J(C4
III)

⊥,({1,2},{4})(w1, z1, w2, z2, x0, x1)

=
1

9
JC4

III,({1,2},{4})(w1 + 2z1, w1 − z1, w2 + 2z2, w2 − z2, x0 + 2x1, x0 − x1)

=
1

|C4
III|

(

[
1 2
1 −1

]
⊗ I ⊗ I)JC4

III,({1,2},{4})(w1, z1, w2, z2, x0, x1).

We can obtain a MacWilliams type identity for the Jacobi
polynomial of C4

III with respect to 2 reference vectors.



MacWilliams type identity

We can obtain a MacWilliams type identity for the Jacobi
polynomial of an Fq-linear code C with respect to ℓ reference
vectors as follows:

Theorem (Y. Tanaka et al., 2023)

JC⊥,T(w1, z1, . . . , wℓ, zℓ, x0, x1) =

1

|C|
(

[
1 q − 1
1 −1

]
⊗ I ⊗ · · · ⊗ I)JC,T(w1, z1, . . . , wℓ, zℓ, x0, x1).

Theorem (M. Ozeki, 1997)

If C is a binary linear code, then

JC⊥,T (w, z, x, y) =
1

|C|
(

[
1 1
1 −1

]
⊗ I)JC,T (w, z, x, y).
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