
 

Generalised Flatness Constants

Johannes Hofscheier

University of Nottingham

Combinatorialand Algebraic Aspects on Lattice Polytopes

19 February 2023



joint with

FlorinAmbro GennadiyAverkov
GiuliaCodenotti
FU BerlinSimion Stoilow BTU Cottbus

Benjamin NillThomas Hall
MagdeburgNottingham



I Ltd
Flt S

Flt S

Fltspan



KEIRA convex body
closed compact convex subset in Rd

lattice M Zd
dual lattice N Hom M Z

Ue N lattice direction

widthu k
Sufyan

tuk alyll

lattice width width k Miggy widthalk



I
t a

I

K K
V

width K 61 width k 2



Classical flatness constant

Fltd sup width k Keld convex body kn 79 0

Thm Banaszczyk Litvak Pajor Szarek 99

Fltd sold logald a const

Conjecture Illa roughly linear in d



Thm Harkens 90

Flt It 331

Conjecture Averkov Codenotti Macchia Santos

Fitz 2 VI

Thm Averkov Codenotti Macchia Santos 21

2 VIE F It E 3.972



Generalised flatness constants Motivation

lattice polytope P conv van gun eRd
for Vai VneZd

P spanning affe Pnd 2d

Goal Find easily verifiable certificate

for P to be spanning



Rmk spanning mild assumption

latticepolytope Ispanning lattice polytope
Pe Id H P e affyPnd

spanning polytopes have strong properties e.g
Thm H KatthainNill
The hitvector of spanning polytopes P satisfies
for it j deg P

htt this hit t thjÉ
originally known for IDP by Stanley



unimodular simplex Se Rd simplex
VCs affine basis of 2d

Idea P contains unimodular simplex
P spanning

Question width P 0 P contains a

unimodular simplex

Thm ANH 19 Ke Rd convex body

width K 2FHd'd K contains a unimodular simplex



Think X is a unimodular simplex

Def Xe Ird bounded set

Flatness constant with respectto X

Fltd X sup width k KeDd convex body K
does not contain a unimodular copyofX

YeRd unimodular
copy of X if

F AEGLd 7 F be Id sit
Y A X t b



Corollary
earned Ed

Fhm AHN 19
standard basis

If X fits in a unimodular copy of n Sd
Sd conv 10 er ed then

Flt X E 2nd ltd

Question What is the order of
Itta n Sd



Motivation from symplectic geometry

Example S 252 w area form

MIMI interval

P
sn

y

Def Gromovwidth
WGP suphiggyballof

radiusr canbesymplectically
embedded inM



small adjustment

YeDd IR unimodular copy of X if
I AEGLd 7 F beIrd s t

Y A X t b

Def R Flatness constant with respectto X
Xe Rdbounded set

FltdIX sup width k KeDd convex body K
doesnot contain a'Banimodular

copyofX



Thm Latschev McDuff Schleuk Lu Fang LittelmannPabiniak

If BSd EP then Walder

Corollary Walp widthPl
Fita d

CAHN 19

Ambro Ito Lartasfeld

TChinjecture AHN 19

wa P e width P
width P e wa p e width P
Fltd d



Further connections to Seshadri constants
in symplectic algebraic geometry

Iltdpan sup width K K E Rd convex body
int k n2d does not span 2d

Fltabasis sup width k Ke Rd convex body

int k does not contain a basis of 2d

Ftd As



Thm Ambro Ito 2020

KEIRA convex body dim K d

lattice width W

i w d d int k contains a

Unimodular simplex

ii w 202 Mn intlk spans Id

iii Hd lad ninth z wa d
o o o o



2.2 dim M

Explicit computations swam s widthp

Than CHH LF FitzS2 2

FAIA F
idea Ke Rd convex set RFI X free
if relint k contains no

RTI unimodular copy of X



Thm CHH 21 A L I

A IR
Xe Rd full dim polytope

each inclusion maximal IRI X free
convex body Ke Rd is a polytope

sup widthk
kind max

I
eFltX e sup

width k kind max

RIK X free
convex set



Corollary There is unique 2 Sa free
inclusion maximal polygon

con Csis fsis l
There are infinitely many R Az free
inclusion maximal polygons e.g



Particularly interesting case for symplectic
geometry

size
linearly independent f

center

bar ibded XelRd a etat kamikid
la ld e Puzo sit kitli a

X conv kaba labs kdbd label

diamond of size a



Example a 3 ba es

bz ezka
ka 12 1
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ex
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Question What is Flt diamond
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